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CURVATURE OF ALMOST HERMITIAN MANIFOLDS
AND APPLICATIONS
CHENGJIE YU1
Abstract. In this paper, by introducing a notion of local quasi
holomorphic frame, we obtain a curvature formula for almost Her-
mitian manifolds which is similar to that of Hermitian manifolds.
Moreover, as applications of the curvature formula, we extend a
result of H.S. Wu and a result of F. Zheng to almost Hermitian
manifolds.
1. Introduction
A triple (M,J, g) is called an almost Hermitian manifold where M is
a smooth manifold of even dimension, J is an almost complex structure
onM and g is a Riemannian metric onM that is J-invariant. There are
several kinds of interesting connections on almost Hermitian manifolds
(see [6]). Among them, the Levi-Civita connection which is torsion free
and compatible with the metric and the canonical connection which
is compatible with the metric and complex structure with vanishing
(1, 1)-part of the torsion attracted the most attentions.
The geometry of almost Hermitian manifolds with respect to the
Levi-Civita connection was studied by Gray (See [8, 9, 10]) and the
other geometers in the 70’s of the last century. An important con-
jecture in this line was raised by Goldberg ([7]): An Einstein almost
most Ka¨hler manifold must be Ka¨hler. Here, almost Ka¨hler manifolds
means almost Hermitian manifolds with the fundamental ωg(X, Y ) =
g(JX, Y ) closed. The conjecture was proved by Sekigawa [15] with the
further assumption of nonnegative scalar curvature. The full conjec-
ture is still open. One can consult the survey [1] for recent progresses
of the conjecture.
The canonical connection in crucial in the study of the structure of
nearly Ka¨hler manifolds by Nagy [13, 14]. In [19], Tossati, Weinkove
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and Yau used the canonical connection other than the Levi-Civita con-
nection to solve the Calabi-Yau equation on almost Ka¨hler manifolds
related to an interesting and important program on the study of sim-
plectic topology proposed by Donaldson [3]. Later, in [18], Tossati
obtained Laplacian comparison, a Schwartz lemma for almost Hermit-
ian manifolds which is a generalization of Yau’s Schwartz lemma for
Hermitian manifolds(See [22]). Moreover, with the help of the gener-
alized Laplacian comparison and Schwartz lemma, Tossati extended a
result by Seshadri-Zheng [16] on the nonexistence of complete Hermit-
ian metrics with holomorphic bisectional curvature bounded between
two negative constants and bounded torsion on a product of complex
manifolds to a product of almost complex manifolds with almost Her-
mitian metrics. In [5], Fan, Tam and the author further weaker the
curvature assumption of the result of Tossati and obtain the same con-
clusion which is also a generalization of a result of Tam-Yu [17].
The canonical connection was first introduced by Ehresmann and
Libermann in [4]. It is a natural generalization of the Chern connection
on Hermitian manifolds (See [2]) and is more related to the almost
complex structure. When the complex structure is integrable, it is
just the Chern connection. In this paper, by introducing a notion
of local quasi holomorphic frame, we obtain a curvature formula of
almost Hermitian manifolds similar to that of Hermitian manifolds.
More precisely, we have the following result.
Theorem 1.1. Let (M, g, J) be an almost Hermitian manifold. Let
(e1, · · · , en) be a local quasi holomorphic frame at p. Then
(1.1) Rij¯kl¯(p) = −elek(gij¯)(p) + gµ¯λek(giµ¯)el(gλj¯)(p).
As an application of the curvature formula on almost Hermitian man-
ifolds, we extend a result of Wu [21] to almost Hermitian manifolds.
Theorem 1.2. Let (M,J) be an almost complex manifold. Let g, h be
two almost Hermitian metrics on M . Then
Rg+h(X,X, Y, Y ) ≤ Rg(X,X, Y, Y ) +Rh(X,X, Y, Y )
for any two (1, 0) vectors X and Y where Rg+h, Rg and Rh denote the
curvature tensors of the metrics g + h, g and h respectively.
Another application of the curvature formula on almost Hermitian
manifolds in paper is to give a classification of almost Hermitian metrics
with nonpositive holomorphic bisectional curvature on a product of two
compact almost complex manifolds which is a generalization of a result
of Zheng [24] and a previous result of the author [23]. More precisely,
we obtain the following results.
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Theorem 1.3. Let M and N be compact almost complex manifolds.
Let φ1, φ2, · · · , φr be a basis of H1,0(M) and ψ1, ψ2, · · · , ψs be a basis
of H1,0(N). Then, for any almost Hermitian metric h on M ×N with
nonpositive holomorphic bisectional curvature,
ωh = pi
∗
1ωh1 + pi
∗
2ωh2 + ρ+ ρ¯
where h1 and h2 are almost Hermitian metrics on M and N with non-
positive holomorphic bisectional curvature respectively, pi1 and pi2 are
natural projections from M × N to M and from M × N to N respec-
tively, and
ρ =
√−1
r∑
k=1
s∑
l=1
aklφk ∧ ψl
with akl’s are complex numbers.
Corollary 1.1. Let M and N be two almost Hermitian manifolds with
H(M) 6= ∅ and H(N) 6= ∅. Then
codimR(H(M)×H(N),H(M ×N)) = 2 dimH1,0(M) · dimH1,0(N).
Here H1,0(M) means the space of holomorphic (1, 0)-from on M
and H(M) is the collection of almost Hermitian metric on M with
nonpositive bisectional curvature. The corollary above implies that an
almost Hermitian metric on a product of two compact almost complex
manifolds with nonpositive holomorphic bisectional curvature must be
a product metric if one of the compact almost complex manifold admits
no nontrivial holomorphic (1, 0)-form.
Note that the local quasi holomorphic frame introduced in this pa-
per is different with the the generalized normal holomorphic frame
introduced by Vezzoni [20] since the background connection considered
in [20] is the Levi-Civita connection and Vezzoni’s generalized normal
frame exists only on quasi Ka¨hler manifolds. The introduced frame is
also different with local holomorphic coordinate introduced in [5].
2. Frames on almost complex manifolds
Recall the following definition of holomorphic vector fields on almost
complex manifolds which is a generalization of holomorphic vector fields
on complex manifolds.
Definition 2.1 ([6]). Let (M,J) be an almost complex manifold, a
(1, 0)-vector field is said to be pseudo holomorphic at the point p ∈M
if (LXY )
(1,0)(p) = [X, Y ](1,0)(p) = 0 for any (1, 0) vector field X on M ,
where Z(1,0) means the (1, 0) part of Z and L means Lie deriviative. If
Y is pseudo holomorphic all over M , we call Y a holomorphic vector
field.
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Note that the almost complex structure may not be integrable, so
we can not expect an existence of local holomorphic vector fields in
general. However, for any point p ∈M , we can find a local (1, 0)-frame
that is pseudo holomorphic at p.
Lemma 2.1. Let (M,J) be an almost complex manifold. Then, for
any p ∈ M , there is a (1, 0)-frame (e1, e2, · · · , en) near p such that ei is
pseudo holomorphic at p for all i. We call the (1, 0)-frame (e1, e2, · · · , en)
a local pseudo holomorphic frame at p.
Proof. Let (v1, v2, · · · , vn) be a local (1, 0)-frame of M near p and
(e1, e2, · · · , en) be another local (1, 0)-frame of M near p. Suppose
that
(2.1) ei = fijvj ,
and
(2.2) [vj, vi]
(1,0) = ckij¯vk,
where fij ’s are local smooth functions to be determined. Then
[vj , ei]
(1,0)(p) = vj(fiµ)(p)vµ(p) + fiλ(p)c
µ
λj¯
(p)vµ(p).(2.3)
If we choose fij such that that fij(p) = δij and vk(fij)(p) = −cjik¯(p) for
all i, j and k, then
(2.4) [vj , ei]
(1,0)(p) = 0
for all i and j. So, (e1, e2, · · · , en) is a local (1, 0)-frame on M near p
such that ei is pseudo holomorphic at p for all i. 
Due to the nonexistence of local holomorphic frame on an almost
complex manifold in general, we have to introduce a notion of holomor-
phicity at a point that is better than pseudo holomorphic for further
application.
Definition 2.2. Let (M,J) be an almost complex manifold. A (1, 0)-
vector field X is called quasi holomorphic at the point p ∈ M if
[Z, [Y ,X ]](1,0)(p) = 0 for any (1, 0)-vector fields Y and Z that are
pseudo holomorphic at p, and moreover, X itself is also pseudo holo-
morphic at p.
From the definition, it is easy to check that a holomorphic vector
field is quasi holomorphic all over M .
Lemma 2.2. Let (M,J) be an almost complex manifold and (e1, e2, · · · , en)
be a local pseudo holomorphic frame at p ∈ M . Let X be a (1, 0) vec-
tor field on M that is pseudo holomorphic at p. Then, X is quasi
holomorphic at p if and only if [ei, [ej , X ]]
(1,0)(p) = 0 for all i and j.
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Proof. Let Y = Yiei and Z = Ziei be two (1, 0)-vector fields that are
pseudo holomorphic at p. Then, it is clear that v(Yi)(p) = v(Zi)(p) = 0
for any (1, 0) vector v at p. Then
[Z, [Y ,X ]](1,0)(p)
=[Ziei, [Y ,X ]]
(1,0)(p)
=Zi[ei, [Y ,X ]]
(1,0)(p)− ([Y ,X ](Zi))(p)ei(p)
=Zi[ei, [Yjej, X ]]
(1,0)(p)
=Zi[ei, Yj[ej, X ]]
(1,0)(p)− Zi[ei, X(Yj)ej](1,0)(p)
=ZiYj[ei, [ej, X ]]
(1,0)(p) + Ziei(Yj)[ej, X ]
(1,0)(p)
=ZiYj[ei, [ej, X ]]
(1,0)(p)
=0.
(2.5)

Lemma 2.3. Let (M,J) be an almost complex manifold. Then, for
any p ∈ M , there is a (1, 0)-frame (e1, e2, · · · , en) near p such that ei is
quasi holomorphic at p for all i. We call the (1, 0)-frame (e1, e2, · · · , en)
a local quasi holomorphic frame at p.
Proof. Let (v1, v2, · · · , vn) be a local pseudo holomorphic frame of M
at p and (e1, e2, · · · , en) be a local (1, 0)-frame of M near p. Suppose
that
(2.6) ei = fijvj ,
where fij’s are local smooth functions to be determined. We first as-
sume that vk(fij)(p) = 0 for all i, j and k. Then, by the proof of Lemma
2.1, (e1, e2, · · · , en) is a local pseudo holomorphic frame at p.
Moreover, suppose that
(2.7) [vj , vi]
(1,0) = ckij¯vk
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It is clear that ck
ij¯
(p) = 0 for all i, j and k since (v1, v2, · · · , vn) is a
local pseudo holomorphic frame at p. Then
[vk, [vj , ei]]
(1,0)(p)
=[vk, [vj , fiλvλ]]
(1,0)(p)
=[vk, fiλ[vj, vλ]]
(1,0)(p) + [vk, vj(fiλ)vλ]
(1,0)(p)
=fiλ[vk, [vj, vλ]]
(1,0)(p) + vk(fiλ)[vj , vλ]
(1,0)(p) + vj(fiλ)(p)[vk, vλ]
(1,0)(p)
+ vkvj(fiλ)vλ(p)
=fiλ[vk, [vj, vλ]]
(1,0)(p) + vkvj(fiλ)vλ(p)
=fiλ[vk, [vj, vλ]
(1,0)](1,0)(p) + vkvj(fiλ)vλ(p)
=fiλ[vk, c
µ
λj¯
vµ]
(1,0)(p) + vkvj(fiλ)vλ(p)
=fiλc
µ
λj¯
[vk, vλ]
(1,0)(p) + fiλvk(c
µ
λj¯
)vµ(p) + vkvj(fiλ)vλ(p)
=(fiλvk(c
µ
λj¯
) + vkvj(fiµ))vµ(p)
(2.8)
If we further choose fij such that fij(p) = δij and
(2.9) vlvk(fij)(p) = −vl(cjik¯)(p),
for all i, j, k and l, then
(2.10) [vk, [vj, ei]]
(1,0)(p) = 0
for all i, j and k. By Lemma 2.2, we know that ei is quasi holomorphic
at p for all i. This completes the proof. 
3. Frames on almost Hermitian manifolds
In this section, we recall some basic definitions for almost Hermitian
manifolds and introduce a notion for almost Hermitian manifolds that
is analogous to normal frame on Hermitian manifolds
Definition 3.1 ([11, 12, 6]). Let (M,J) be an almost complex man-
ifold. A Riemannian metric g on M such that g(JX, JY ) = g(X, Y )
for any two tangent vectors X and Y is called an almost Hermitian
metric. The triple (M,J, g) is called an almost Hermitian manifold.
The two form ωg = g(JX, Y ) is called the fundamental form of the
almost Hermitian manifold. A connection ∇ on an almost Hermitian
manifold (M,J, g) such that ∇g = 0 and ∇J = 0 is called an almost
Hermitian connection.
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For a connection ∇ on a manifold M , recall that the torsion τ of the
connection is a vector-valued two form defined as
(3.1) τ(X, Y ) = ∇XY −∇YX − [X, Y ].
On an almost Hermitian manifold, there are many almost Hermitian
connections. However, there is a unique one such that τ(X, Y ) = 0 for
any two (1, 0)-vectors X and Y . Such a notion is first introduced by
Ehresman and Libermann [4].
Definition 3.2 ([11, 12]). The unique almost Hermitian connection ∇
on an almost Hermitian manifold (M,J, g) with vanishing (1, 1)-part of
the torsion is called the canonical connection of the almost Hermitian
manifold.
In this paper, for an almost Hermitian metric, the connection is
always chosen to be the canonical connection ∇. Recall that the cur-
vature tensor R of the connection ∇ is defined as
(3.2) R(X, Y, Z,W ) =
〈∇Z∇WX −∇W∇ZX −∇[Z,W ]X, Y
〉
for any tangent vectors X, Y, Z and W . Note that unlike the curvature
tensor on Hermitian manifolds with Chern connection, the curvature
tensor R of the canonical connection may has non-vanishing (2,0)-part
which mean that R(X, Y , Z,W ) may not vanish for any (1, 0)-vectors
X, Y, Z,W . For the (1, 1)-part of the curvature tensor R, we means
R(X, Y , Z,W ) for (1, 0)-vectors X, Y, Z and W . Moreover, R is said
to be of nonpositive (negative) holomorphic bisectional curvature if
R(X,X, Y, Y ) ≤ 0(< 0) for any two nonzero (1, 0)-vectors X and Y .
This notion of holomorphic vector fields introduced in the last sec-
tion is somehow compatible with the canonical connection on almost
Hermitian manifolds analogous to that on Hermitian manifolds.
Lemma 3.1. ∇XY = [X, Y ](1,0) for any two (1, 0)-vector fields X and
Y on an almost Hermitian manifold.
Proof. By the definition of canonical connection and torsion, we have
(3.3) ∇XY = ∇YX + [X, Y ] + τ(X, Y ) = ∇YX + [X, Y ].
Since ∇J = 0, we know that ∇XY is a (1, 0)-vector and ∇YX is a
(0, 1)-vector. Therefore, the conclusion follows.

A local pseudo holomorphic frame for an almost Hermitian manifold
play a similar role as a local holomorphic frame for an Hermitian man-
ifold. More precisely, we have the following formula for the Christoffel
8 Chengjie Yu
symbol of the canonical connection under a local pseudo holomorphic
frame.
Lemma 3.2. Let (M,J, g) be an almost Hermitian manifold and
(e1, e2, · · · , en) be a local pseudo holomorohic frame at p. Then Γkij¯(p) =
0 and Γkij(p) = g
µ¯kej(giµ¯)(p) for any i, j and k.
Proof. By Lemma 3.1, we know that ∇ejei(p) = 0. So Γkij¯(p) = 0 for
all i, j and k. Moreover,
ej(giµ¯)(p)
=
〈∇ejei, eµ
〉
(p) +
〈
ei,∇ejeµ(p)
〉
=Γkij(p)gkµ¯(p).
(3.4)
Hence Γkij(p) = g
µ¯kej(giµ¯)(p) for any i, j and k. 
Similarly as on Hermitian manifolds, we can have a similar notion of
normal holomorphic frame.
Lemma 3.3. Let (M,J, g) be an almost Hermitian manifold. Then,
there is a local pseudo holomorphic frame (e1, e2, · · · , en) at p, such
that ∇ei(p) = 0, or equivalently, dgij¯(p) = 0 for all i and j. We call
the frame a local pseudo holomorphic normal frame at p.
Proof. Let (v1, v2, · · · , vn) be a local pseudo holomorphic frame at p
and (e1, · · · , en) be a local (1, 0)-frame at p. Suppose that
(3.5) ei = fijvj ,
where fij’s are local smooth functions to be determined. We first as-
sume that vk(fij)(p) = 0 for all i, j and k. Then, (e1, e2, · · · , en) is a
local pseudo holomorphic coordinate at p.
Moreover, note that
(3.6) ∇vkei(p) = vk(fiµ)(p)vµ(p) + fij(p)Γµjk(p)vµ(p)
where Γµjk is the Christoffel symbol with respect to the frame (v1, v2, · · · , vn).
So, if we choose fij such that fij(p) = δij , vk(fij)(p) = 0 and vk(fij)(p) =
−Γjik(p). Then ∇ei(p) = 0 for all i. 
By a similar argument as in the proof of Lemma 3.3, we have the
existence of a so called local quasi holomorphic normal frame.
Lemma 3.4. Let (M,J, g) be an almost Hermitian manifold. Then,
there is a local quasi holomorphic frame (e1, e2, · · · , en) at p, such that
∇ei(p) = 0, or equivalently, dgij¯(p) = 0 for all i and j. We call the
frame a local quasi holomorphic normal frame at p.
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4. Curvature of almost Hermitian manifolds
In this section, we derive a formula for the curvature tensor with
respect to a quasi holomorphic frame.
Lemma 4.1. Let (M, g, J) be an almost Hermitian manifold and (e1, · · · , en)
be a local quasi holomorphic frame at p ∈M . Then
(4.1) ∇ek∇ejei(p) = 0
for all i, j and k.
Proof. First, note that
(4.2) [ej , ei](p) = ∇ejei(p)−∇eiej(p) = 0
by Lemma 3.1. Moreover,
〈∇ek∇ejei, el
〉
(p)
= 〈∇ek(∇eiej + [ej , ei]), el〉 (p)
= 〈∇ek [ej , ei], el〉 (p)
=
〈∇[ej ,ei]ek + [ek, [ej, ei]] + τ(ek, [ej , ei]), el
〉
(p)
=
〈
[ek, [ej , ei]]
(1,0), el
〉
(p)
=0.
(4.3)
This completes the proof since ∇ek∇ejei(p) is a (1, 0)-vector. 
We are now ready to compute the (1, 1)-part of the curvature tensor
for an almost Hermitian manifold.
Theorem 4.1. Let (M, g, J) be an almost Hermitian manifold. Let
(e1, · · · , en) be a local quasi holomorphic frame at p. Then
(4.4) Rij¯kl¯(p) = −elek(gij¯) + gµ¯λek(giµ¯)el(gλj¯).
Proof.
Rij¯kl¯(p)
= 〈∇ek∇elei, ej〉 (p)− 〈∇el∇ekei, ej〉 (p)−
〈∇[ek,el]ei, ej
〉
(p)
=− 〈∇el∇ekei, ej〉 (p)
=− el 〈∇ekei, ej〉 (p) + 〈∇ekei,∇elej〉 (p)
=− elek(gij¯)(p) + el 〈ei,∇ekej〉 (p) + 〈∇ekei,∇elej〉 (p)
=− elek(gij¯)(p) + 〈ei,∇el∇ekej〉 (p) + 〈∇ekei,∇elej〉 (p)
=− elek(gij¯) + gµ¯λek(giµ¯)el(gλj¯)
(4.5)
where we have used Lemma 3.1, (4.2), Lemma 3.2 and Lemma 4.1. 
By Lemma 3.4, we have following direct corollary.
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Corollary 4.1. Let (M,J, g) be an almost Hermitian manifold and
(e1, e2, · · · , en) be a local quasi holomorphic normal frame at p ∈ M .
Then
(4.6) Rij¯kl¯(p) = −elek(gij¯)(p).
5. A generalization of Wu’s result
In this section, with the help the curvature formula derive in the last
section, we obtain a generalization of Wu’s result in [21].
Theorem 5.1. Let (M,J) be an almost complex manifold. Let g, h be
two almost Hermitian metrics on M . Then
Rg+h(X,X, Y, Y ) ≤ Rg(X,X, Y, Y ) +Rh(X,X, Y, Y )
for any two (1, 0)-vectors X and Y , where Rg+h, Rg and Rh denote the
curvature tensor of the metrics g + h, g and h respectively.
Proof. Let p ∈ M , and (e1, e2, · · · , en) be a local quasi holomorphic
normal frame at p with respect to the almost Hermitian metric g + h.
Then, by Theorem 4.1 and Corollary 4.1,
R
g+h
ij¯kl¯
(p)
=− elek((g + h)ij¯)(p)
=Rg
ij¯kl¯
(p) +Rhij¯kl¯(p)− gµ¯λek(giµ¯)el(gλj¯)(p)− hµ¯λek(hiµ¯)el(hλj¯)(p).
(5.1)
Hence,
Rg+h(X,X, Y, Y )(p)
=Rg(X,X, Y, Y )(p) +Rh(X,X, Y, Y )(p)
− gµ¯λX iY kek(giµ¯)XjY lel(gλj¯)(p)− hµ¯λX iY kek(hiµ¯)XjY lel(hλj¯)(p)
≤Rg(X,X, Y, Y )(p) +Rh(X,X, Y, Y )(p).
(5.2)

Similar as in [21], we have the following two direct corollaries.
Corollary 5.1. Let (M,J, g) be a compact almost Hermitian manifold
with nonpositive (negative) holomorphic bisectional curvature. Then,
there is an almost Hermitian metric on M with nonpositive (negative)
holomorphic bisectional curvature that is invariant under all the auto-
morphisms of the almost complex structure J .
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Definition 5.1. Let (M,J) be an almost complex manifold. Denote
the collection of all almost Hermitian metrics with nonpositive holo-
morphic bisectional curvature as H(M).
Corollary 5.2. Let (M,J) be an almost complex manifold withH(M) 6=
∅. Then H(M) is a convex cone.
6. A generalization of Zheng’s result
Let α be a smooth (r, s) form on the almost complex manifold (M,J).
Recall that ∂¯α = (dα)(r,s+1) and a (r, 0)-form α is said to be a holo-
morphic (r, 0)-form if ∂¯α = 0.
Lemma 6.1. A (r, 0)-form α on an almost complex manifold is holo-
morphic if and only if (LXα)
(r,0) = 0 for any (1, 0) vector field X.
Proof. By Cartan’s formula,
(LXα)
(r,0) = (iXdα + diXα)
(r,0) = iX ∂¯α.(6.1)
The conclusion follows. 
Definition 6.1. A (r, 0)-form α on an almost complex manifold is said
to be pseudo holomorphic at p ∈ M if (LXα)(r,0)(p) = 0 for all (1, 0)
vector field X .
Lemma 6.2. Let (M,J) be an almost complex manifold and (e1, e2, · · · , en)
be a local pseudo holomorphic frame at p ∈M . Let (ω1, ω2, · · · , ωn) be
the dual frame of (e1, e2, · · · , en) and α be a (r, 0) form on M . Suppose
that
(6.2) α =
∑
i1<i2<···<ir
αi1i2···irω
i1 ∧ ωi2 ∧ · · · ∧ ωir .
Then, α is pseudo holomorphic at p if and only if v¯(αi1i2···ir)(p) = 0 for
all v ∈ T 1,0p M and any indices i1 < i2 < · · · < ir.
Proof. Let X be a (1,0) vector field with X(p) = v¯. Then, for any
indices i1 < i2 < · · · < ir,
(LX)α(ei1, ei2 , · · · , eir)(p)
=X(α(ei1, ei2 , · · · , eir))(p)− α(LXei1(p), ei2(p), · · · , eir(p))− · · ·
− α(ei1(p), ei2(p), · · · , LXeir(p))
=v¯(αi1i2···ir)(p)− α([X, ei1](1,0)(p), ei2(p), · · · , eir(p))− · · ·
− α(ei1(p), ei2(p), · · · , [X, eir ](1,0)(p))
=v¯(αi1i2···ir)(p).
(6.3)
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This completes the proof. 
Theorem 6.1. Let (M,J, g) be an almost Hermitian manifold and α
be a holomorphic (1, 0)-form on M . Let h be another metric on M
defined by
(6.4) h(u, v) = g(u, v) + α(u)α¯(v).
for any two tangent vectors u and v. Then h is an almost Hermitian
metric on M . Moreover,
(6.5) Rh(X,X, Y, Y ) ≤ Rg(X,X, Y, Y )
for any (1, 0) vectors X and Y .
Proof. It is easy to check that h is an almost Hermitian metric by
definition.
Fixed p ∈ M . Let (e1, e2, · · · , en) be a local quasi holomorphic
normal frame at p for the almost Hermitian metric h. Then, hij¯ =
gij¯ + αiαi. Since α is holomorphic on M , we have
0 =
〈
Lejα, ei
〉
= ej 〈α, ei〉 −
〈
α, Lejei
〉
= ej(αi)−
〈
α,∇ejei
〉
.(6.6)
Therefore,
(6.7)
ejek(αj)(p) = ekej(αi)(p) = ek
〈
α,∇ejei
〉
(p) =
〈
α,∇ek∇ejei(p)
〉
= 0
by Lemma 4.1 and [ej , ek](p) = 0. Hence, by Theorem 4.1 and Corollary
[?],
Rh
ij¯kl¯
(p)
=− elek(hij¯)(p)
=− elek(gij¯ + αiαj)(p)
=− elek(gij¯)(p)− ek(αi)el(αj)(p)− elek(αi)αj(p)− αielek(αj)(p)
=Rg
ij¯kl¯
(p)− gµ¯λek(giµ¯)el(gλj¯)(p)− ek(αi)el(αj)(p).
(6.8)
This completes the proof by processing the same as in the proof of
Theorem 4.1. 
Definition 6.2. Let (M,J) be a compact almost complex manifold.
Denote the space of of holomorphic (1, 0)-form on M as H1,0(M).
Lemma 6.3. Let M2m and N2n be two compact almost complex man-
ifolds. Let φ1, φ2, · · · , φr be a basis of H1,0(M) and ψ1, ψ2, · · · , ψs be a
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basis of H1,0(N). Let ρ be a holomorphic (2, 0)-form on M × N and
locally have the form of
(6.9) ρ =
m∑
i=1
n∑
j=1
ρijα
i ∧ βj
where (α1, α2, · · · , αm) and (β1, β2, · · · , βn) are local (1,0)-frames on
M and N respectively and ρij’s are local smooth functions on M ×N .
Then, there is a unique matrix (akl) of complex numbers with size r×s
such that
(6.10) ρ =
r∑
k=1
s∑
l=1
aklφk ∧ ψl.
Proof. Fixed y ∈ N , let (e1, e2, · · · , en) be a local pseudo holomorphic
frame at of N at y and (ω1, ω2, · · · , ωn) be its dual frame. Then,
(6.11) ρ =
n∑
j=1
θj(y) ∧ ωj(y)
where θj(y)’s are (1, 0)-forms on M = M × {y}. By Lemma 6.2, it is
easy to check that θj(y) is a holomorphic (1, 0)-form on M for any j.
Then
(6.12) θj(y) =
r∑
k=1
bkj(y)φk.
Therefore
(6.13) ρ =
r∑
k=1
φk ∧
n∑
j=1
bkj(y)ω
j(y).
It easy to check that
∑n
j=1 bkj(y)ω
j(y) is a holomorphic (1, 0) form on
N . Hence
(6.14)
n∑
j=1
bkj(y)ω
j(y) =
s∑
l=1
aklψl
where akl are complex numbers. This completes the proof. 
With help of Lemma 6.3 and the curvature formula in Theorem 4.1,
the same argument as in [23] give us the following classification of
almost Hermitian metrics on product of compact almost complex man-
ifolds which generalizes the result of Zheng [24] and a previous result
of the author [23].
14 Chengjie Yu
Theorem 6.2. Let M and N be compact almost complex manifolds.
Let φ1, φ2, · · · , φr be a basis of H1,0(M) and ψ1, ψ2, · · · , ψs be a basis
of H1,0(N). Then, for any almost Hermitian metric h on M ×N with
nonpositive holomorphic bisectional curvature,
ωh = pi
∗
1ωh1 + pi
∗
2ωh2 + ρ+ ρ¯
where h1 and h2 are almost Hermitian metrics on M and N with non-
positive holomorphic bisectional curvature respectively, pi1 and pi2 are
natural projections from M × N to M and from M × N to N respec-
tively, and
ρ =
√−1
r∑
k=1
s∑
l=1
aklφk ∧ ψl
with akl’s are complex numbers.
Similarly as in [23], with the help of Theorem 6.1, we can obtain the
following corollary.
Corollary 6.1. Let M and N be two almost Hermitian manifolds with
H(M) 6= ∅ and H(N) 6= ∅. Then
codimR(H(M)×H(N),H(M ×N)) = 2 dimH1,0(M) · dimH1,0(N).
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